An exact formula for the expected compensating variation is derived for logit and nested-logit models with income effects. Intuition, examples, and an application are provided. The appendix contains a formal proof. The formula is applied to estimate the E[cv]s salmon anglers in Maine would associate with changes in catch rates at Maine and Canadian Rivers.
Introduction
Ever since the derivation of the random utility framework in the early 1970s, it has been explicitly or implicitly recognized that there is no exact formula for the expected compensating variation, E [cv] , in such models if they include income effects (a non-constant marginal utility of money). Here, a formula is derived that one can use to calculate the exact compensating variation in discrete-choice logit and nested-logit models. We refer to this formula as the expected expenditure formula. The formula involves solving only a finite onedimensional integral with an analytical integrand. We explain how to apply the formula to estimate E[cv] for both price and quality changes in a number of examples, provide a formal proof, and an intuitive explanation of why it works. The formula is then used to estimate the E[cv]s salmon anglers in Maine would associate with a reduction in the catch rates in the Penobscot River, an increase in the Penobscot catch rates, and this increase combined with decreased catch rates at the other Maine salmon rivers. This is a first application of the formula.
An earlier draft of this paper (Karlstrom (1998) ) stated and proved the theorem, but did not include an application or provide much in the way of intuition. In a related paper, Dagsvik and Karlstrom (2004) derive a more general result than that presented here.
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Section 2 outlines the discrete-choice random-utility model. Section 3 presents the formula and provides an intuitive proof in the context of a simple three alternative logit model with income effects. The policy initially considered is an increase in the price of the first alternative (a deterioration). Section 4 is a numerical example. Section 5 considers a multiple price change: one price decreases and one increases. Section 6 presents the general form of the formula: J alternatives and any change in the quality and price vectors. This is Theorem 1. In Section 7, the formula is first applied to estimate the E[cv]s salmon anglers in Maine would associate with a reduction in the catch rates in the Penobscot River, a quality change, then applied to a more complicated scenario. Section 8 summarizes.The appendix includes a formal proof of Theorem 1. Code and data to estimate the E[cv]s using the expected expenditure formula can be obtained at http://www.colorado.edu/Economics/morey/expectedcv.html.
The discrete-choice random-utility model, the cv and the E[cv]
Assume a standard discrete-choice random utility model. That is, there are J alternatives and the individual is constrained to choose one of those J alternatives. Income not spent on the alternative is spent the numeraire. The utility associated with alternative j is u j = v j + ε j j = 1, ..., J.
(
The choice problem is completely deterministic from the individual perspective and the individual chooses the alternative that provides the most utility. From the researcher's perspective, the realized = ( 1 , ..., n ) are unobserved but a random draw from some known joint density function f ( ). Assuming budget exhaustion,
where y is income, p j is price/cost of alternative j, X j is a vector of the characteristics of alternative j and C is vector of the characteristics of the individual. That is, utility from alternative j is a function of expenditures on the numeraire and the characteristics of alternative j (possibly interacted with characteristics of the individual). U is observed by the individual but not by the researcher; it is a random variable from the researcher's perspective. Denote its expectation E[U].
Consider a change from some initial state {y 0 , p 0 , X 0 } to some proposed state {y 0 , p 1 , X 1 }. The individual's compensating variation, cv, is that amount of money, l, such that cv is the amount money that when subtracted from income in the proposed state equates maximum utility in the proposed state with maximum utility in the initial state. 3 It is deterministic from the individual's perspective but a random variables from the researcher's perspective. Denote its density function f cv (cv) and its expectation E[cv]. Calculation of E[cv] is the goal of much welfare analysis.
If one restrictively assumes the utility from alternative j is a linear function of expenditures on the numeraire (v j = β 0 (y − p j ) + g(X j , C)), one has the classic no income-effects model. Put simply, in this case the marginal utility from expenditures on the numeraire is a constant, β 0 and E[cv] often has a closed-form solution. For example, if one assumes f ε (ε) has an Gumbel extreme value distribution, E[cv] has the well-known log-sum formula
In the case of no income effects, cv is not a function of y; it drops out of the equation.
Income effects exist if the marginal utility of expenditures on the numeraire varies as a function of the level of expenditures on the numeraire and/or varies as a function of the alternative chosen. In such cases, cv varies as a function of y, what one would typically expect. This makes the income-effects discretechoice RUM of most interest. However, in the case of income effects, there has been no exact formula for the E[cv], only approximations. When the marginal utility of the numeraire varies with the level of income and/or the alternative chosen, things are complicated because the rate at which utility is converted into money typically varies with the alternative chosen in each of the states and their prices. The next section calculates the E[cv] for a price increase in the presence of income effects using the new expected expenditure formula.
In the case of income effects, the practice has been to either assume away income effects, or assume income effects and approximate the E[cv] using the representative consumer approximation, cv r , where cv r is the amount of money that when subtracted from income in the new proposed state equates expected maximum utility in the new state with expected maximum utility in the initial state. This section introduces the expected expenditure formula. Consider a simple three-alternative logit model with simple income effects: First consider the cv rather than its expectation. Depending on the ε draw, an individual will fall into one of three groups:
• Group A: Individuals who do not choose alternative 1 either before or after its price increases.
• Group B: Individuals that choose alternative 1 both before and after its price increases.
• Group C: Individuals that choose alternative 1 before its price increases but not after it increases. Define m as the expenditure level required to keep an individual at his original utility level after p 1 has increased. It is a random variable with density f m (m). For individuals in group A, cv = 0, or said another way, the expenditure level, m, they need to remain at their original utility level is y 0 ; that is, cv = y 0 −y 0 . For individuals in group B, cv < 0 and equal to p 
One proceeds by deriving E[m]. The expectation of this level of expenditures can be decomposed into three terms
where c υ is the contribution to E[m] from those individuals whose epsilon draw causes them to fall in group υ, υ = A, B, C. Each of the c υ can be expressed as the level of expenditures required to make the individual whole, conditional on the individual belonging to group υ, multiplied by the probability that with that level of expenditures the individual will belong to groupt υ.
All individuals in group A require the same expenditure level, m = y 0 , to make them whole in the new state, so
where Pr(in A: y 0 ) is the probability that the individual chooses alternative 2 or 3 (not 1) both before and after the price increase with expenditures level y 0 in the original state and with expenditure level y 0 in the new state. The form of Pr(in A: y 0 ), assuming ε is Gumbel extreme value distributed, is derived below.
Likewise, all individuals in group B require the same expenditure level, µ, to make them whole in the new state, so c B = Pr(in B: µ)µ (12) where Pr(in B: µ) is the probability that the individual chooses alternative 1 with its higher price and expenditure level µ. Pr(in B: µ) is formally derived below. Note that Pr(in A: y 0 ) and Pr(in B: µ) are both calculated at the total level of expenditures required to make the individual whole: y 0 if the individual is in group A, and µ if the individual is in group B.
Substituting Equations 11 and 12 into Equation 10
The derivation of c C is complicated by the fact that the expenditure level required to make individuals in group C whole is not a constant but rather varies between y 0 and µ as a function of the individuals specific epsilon draw. Derivation of E[m] is derived by deriving c A , c B and c C . Figure 1A is an example f (m). It was drawn to conform with the numerical example in the next section. In explanation, if m < y 0 no one is made whole with expenditures of m. If m = y 0 , everyone in group A is made whole -they need no extra money because they are not affected by the price increase. As m increases between y 0 and µ, more and more of group C is made whole. If m = µ, everyone, including those in group B are made whole. Note that
is the probability that, with compensation, an individual is in group C. The cdf of m, F (m) has the following properties
increases from Pr(in A : y 0 ), Figure 1B is the cdf, F (m) corresponding to f (m), where dF (m) = f (m)dm. F (m) is the proportion of the population that is compensated for the increase in the price of alternative 1 with an expenditure level of m. 5 Note that [1 − Pr(in B : µ)] is the probability that the individual is in A or C. 6 Note that the section between y 0 and µ will not typically be linear.
; that is, c C is our expectation of the expenditure level required to compensate those in group C, multiplied by the probability that the individual is, with compensation, in group C.
Concentrating on the last term in Equation 16
and using the fact that f (m) =
Writing this in terms of S(m) ≡ 1 − F (m), where S(m) is the proportion of the population that is not compensated with an expenditure level of m.
As we soon show, it is easy to determine
and then integrate Equation 18 to obtain c C . S(m) has the following properties 
The derivation of Pr(in
The derivation of Pr(in A: y 0 ), Pr(in group C: µ) and c C requires that one specify f ε (ε). Consider the probability of choosing alternative k as a function of different expenditure levels depending on the alternative chosen. Denote this probablity Pr(k : m 1 , m 2 , m 3 , p 1 , p 2 , p 3 ) where m i is the level of expenditures if the individual chooses alternative i. Assuming the ε are independent draws from the Gumbel Extreme Value distribution
This is the standard logit probability that an individual will choose alternative k given expenditures m i and price p i associated with alternative i. 7 In explanation, imagine that one's budget, in addition to the price, varies as a function of the alternative consumed.
To calculate Pr(in A : y 0 ) and Pr(in B : µ), use Equation 20. Specifically,
3 ) is the the simple logit probability that the individual will choose alternative 1 in the initial state, so 1 − P (1 :
3 ) is the probability that an individual will initially choose one of the other alternatives; that is, he is in group A. If the individual does not choose alternative 1 in the initial state, he will not choose it after its price has increased.
, is the probability that the individual will stick with alternative 1 given a higher price for alternative 1, p 1 1 , and expenditure level µ; that is
The first two terms in Equation 13 are therefore easily calculated. 
and if m 1 = y 0 and
8 As an aside, note that it is always the case that Pr(1 :
; that is, the probability that an individual will choose alter-
The derivative dS(m) dm
, what is needed to determine c C , is also derived from Equation 20. For a price increase in p 1 , as is explained below,
Simply put, the decrease in the proportion of population that remains uncompensated as m increases is equal to the decrease in the probability that an individual will choose alternative 1 as the expenditures on the other alternatives increases, holding constant expenditures on alternative 1 at y 0 .
Given Equation (18),
Note that
is varying the level of expenditures associated with alternatives 2 and 3 (the alternatives the individual switches to), holding constant at y 0 the expenditures if alternative 1 is chosen, and prices are evaluated at their original levels. 9 Note that
is the derivative of the probability associated with the alternative individuals will switch away from (in this case alternative 1) and m is the the expenditure level associated with the alternative they would switch to (in this case, alternatives 2 or 3). Looking ahead, this is a general result. 
This is the probability that an individual will choose alternative 1 given the initial price vector, given expenditures of y 0 if he consumes alternative 1 and given expenditures of m if he consumes one of the other alternatives. It, like S(m), is a survivor function where survivors are those that stick with alternative 1 as a function of m. P (1 : y 0 , m, m, p 1 , p 2 , p 3 ) is decreasing in m; that is, native 1 at the new prices and expenditure level µ for each alternative equals the probability that alternative 1 will be chosen at the old prices, expenditure level y 0 if alternative 1 is chosen and expenditure level µ if one of the other two alternatives is chosen. There are two ways to calculate Pr(in B : µ). Equivalences of this sort will sometimes prove useful when calculating an E[cv]. 9 That is, for an increase in the price of only alternative 1, those in group c choose alternative 1 before its price increases, but not afterwards, so the relevant prices are p 0 1 , p 0 2 and p 0 3 . This will not be the case for an improvement.
the probability that an individual will choose alternative 1 declines the more he is compensated, m − y 0 > 0, if he chooses some other alternative 10 . 
This completes the derivation of Equation 24. Plugging in the specific numerical amounts, Equation 24 can be calculated with no further simplification almost instantaneously using Maple or Mathematica.
The above example is an application of Theorem 1, presented in Section 6. The appendix provides a proof of Theorem 1.
A simple numerical example
Consider the following simple numerical example of the above result. For equations (6), (7) and (8), assume β = .1, y 0 = 100, p each of the alternatives in the initial state.
x P (x; 100, 100, 100, 94.5, 95, 96)
.32289
.13128
In the initial state, the probability that an individual will choose alternative 1 is .54583, so the probability that they don't is Pr(in A : 100) = .454 17. Therefore, given the numerical assumptions, the first term in equation 13 , equation 21, is 
That is, the E[cv] associated with increasing p 1 from $94.50 to $95.00 is −$0.24.
Figures 1 and 2 were drawn with this numerical example in mind. This example has been simple but should be sufficient to demonstrate how one proceeds with a number of more general models. For the moment, continue to assume a change that involves only a deterioration in alternative 1.
(1) Adding in characteristics of the alternatives or individual-specific characteristics only adds additional terms to the conditional indirect utility functions. For example, u j = β(y − p j ) 2 + ε j is replaced by u j = β 0 (y 0 − p j ) 2 + β 1 X j + ε j . In which case, β(y 0 − p j ) 2 will everywhere be replaced by β 0 (y 0 −p j ) 2 + β 1 X j , and β(m−p j ) 2 with β 0 (m−p j ) 2 + β 1 X j . Generalizing in this way allows one to consider deteriorations in alternative 1 that involve either a price increase, a quality decrease, or both. Note that generalizing in this way, does not affect the form of Equation 24 and allows one to calculate E[cv] for a deterioration in quality. That is, the expected value of the expenditure level required to make inidividuals in group C whole is $100.26, which, as required, is greater than the level of expenditures required to make whole those who never choose to consume alternative 1, and less than the amount required to compensate those that chose alternative 1 even after its price increased. , but does not fundamentally change the form of the solution, or the fact that one has to calculate only a single integral, Equation 24. It just has more terms. (4) Assuming a nested-logit model, rather than a simple logit model increases the complexity of the equation 20 probabilities, but the nested-logit form of these probabilities is well known.
An improvement for some and a deterioration for others
Consider now a policy that affects two alternatives: an increase in the price of alternative 1, p 12 Whether it is an improvement for an individual will depend on the magnitude of the two price changes and the individual's ε draw. It can be an improvement for some and a deterioration for others. Continue to assume the ε are independent draws from an Gumbel Extreme Value distribution. Depending on the ε draw, an individual will fall into one of five groups:
• Group A: Individuals that choose alternative 3 both before and after the changes.
• Group C: Individuals that choose alternative 2 both before and after its price decreases.
• Group D: Individuals that switch from alternative 3 to alternative 2 (no one will switch from 3 to 1)
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• Group E: Individuals that switch away from alternative 1 (to either 2 or 3). 12 Note that an p 1 2 < p 0 2 and p 1 1 = p 0 1 (an improvement for all) is a special case. A section on such an improvement was deleted from this paper. A copy of the section can be found at the previously mentioned web link. 13 More generally, group D includes individuals that initially choose one of the alternatives that is not impacted by the policy and then switches to one of the impacted alternatives, one that has improved. 14 In the special case p 1 2 < p 0 2 and p 1 1 = p 0 1 , these five groups would still all exist but Group E would include only those who switch from alternative 1 to alternative 2. No one would switch from 1 to 3 due to a decrease in the price of alternative 2. Individuals in group E can be decomposed into those switching to alternative 2, and those that switch to alternative 3. Those switching to the unaffected alternative, 3, are made worse off by the change, cv < 0. Some that switch to alternative 2 find the change an improvement, some a deterioration. To be made whole, individuals in group E that consider the change an improvement require an expenditure greater than µ min and less y 0 . Those that find it a deterioration require an expenditure level greater than y 0 and less than µ max .
Expanding on Equation 10
,
Given the above definitions of the 5 groups, all individuals in group A require the same expenditure level, y 0 , to make them whole in the new state, so, 
All individuals in group C require the same expenditure level, µ min , to make them whole in the new state, so
Note that this probability is evaluated at the lowest price for both alternatives 1 and 2, even though they do not occur simaltaneously. (37) The first term is the contribution to c E from those in group E that find the change an improvement (a subset of those that switch from alternative 1 to 2). The second term is associated with individuals in group E that need an increased expenditure to be made whole.
18 This subset of group E can switch either to alternative 2 or 3, so the partial is taken with respect to expenditure level associated with alternative 2 and 3.
For equations (6)- (8) 
The general theorem
The preceeding and following examples are applications of Theorem 1.
Theorem 1: Assume a change in qualities and prices. Assume the individual experiences the same ε vector both before and after the change. Then E[m], our expectation of the amount of money needed to keep the individual at the original utility level after the change, is
where i indexes the n alternatives and P i (y) is the choice probability
where µ ii is the amount of money the individual would need in the new state to achieve the original utility level if he chooses alternative i both before and after the change the lower integral limit µ = min k µ kk ν s j (·) is the deterministic component of the conditional indirect utility function function for alternative j evaluated at (X s j , p s j ), s = 0, 1. Using (2) we define
is the probability of choosing alternative i given the vector of deterministic components of utility, (g 1 (y), ..., ν 0 i (y 0 ), ..., g n (y)).
Theorem 1 applies to all additive RUM, not just GEV models. In the GEV case, the choice probabilities are analytical and the distribution of compensating variations can be derived analytically. In this case, E[cv] is a onedimensional integral. 19 The theorem holds for any changes in prices and/or qualities, and with any indirect utility functions, not only the linear form assumed in our examples. The appendix contains a proof.
Relating Theorem 1 to the earlier examples, in the first numerical example (a price increase of $0.50 in alternative 1)
= 100.5(P 1 (100.5)) − In the second numerical example (a price increase of $1.00 in alternative 1 and a decrease of $0.50 in alternative 2) As is well known, there is an exact formula -the logsum formula -for the E[cv] for GEV models with a constant marginal utility of money. For GEV models with no income effects, the logsum formula can be derived as a special case of the expected expenditure formula.
We have used the expected expenditure formula in a number of contexts to show that McFadden simulation approximation, with enough draws, gives the same answer.
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An application: a nested-logit model with income effects and a quality change
This section provides a real data example; it uses the expected expenditure formula to first calculate the estimated E[cv]s with income effects for a simple quality change: halving the catch rate at the Penobscot river, an important salmon river in Maine. Then E[cv] are then calculated for a more complicated scenario: increasing the Penoboscot catch rate by 10% while decreasing the catch rates at each of the other Maine site by 25%. This is an improvement for some anglers and a deterioration for others.
The model and data is described in Morey et al. (1993) . That paper estimated a repeated nested-logit model of participation and site choice for salmon fishing in Maine and Canada by Maine residents. Income effects were included in the model: β 0 (y − p j ) + β 1 (y − p j ) .5 , along with catch rates and the squareroot of catch rates. 20 
Calculating the E[cv] for each angler in the sample
There are 9 alternatives (8 fishing sites and nonparticipation). The first change being valued is a deterioration in quality (decreased catch rates), and, as noted, the model is nested logit.
Estimation of the E[cv] for each salmon angler follows the same steps as in the deterioration example (Sections 3 and 4). Note that since the Maine model has 50 choice occasions, the calculated E[cv] is per choice occasion, so needs to be multiplied by 50 to get it in annual terms.
Consider a decrease in the catch rate at the Penobscot River, an angler will fall into one of the three groups, A, B, and C, defined in Section 3. As in the price increase example,
where
Pr(in A: y 0 ) is the probability that an angler will not choose the Penobscot at the initial catch rates. Pr(in B: µ) is the probability that the angler chooses the Penobscot with an expenditure level of µ and the lower catch rate, and c C is the contribution to E[m] from those whose epsilon draw causes them to choose the Penobscot before the catch decreases but not afterwards.
Note that here expenditure levels refer to income per choice occasion, so y 0 is income per choice occasion (see Morey et al. (1993) for details). µ is the level of expenditures required per choice occasion to compensate those in Group B: those who choose the Penobscot both before and after its catch decreases. µ equals y 0 plus the additional amount of expenditure required to keep utility from fishing the Penobscot equal to what it was before catch decreased.
The probability of choosing the Penobscot
Calculation of the three terms in Equation 46 requires the derivation of the probability that an angler will choose the Penobscot. Without loss of generality, denote the Penobscot alternative 1, and nonparticipation alternative 0. Sites 1−5 are the Maine sites and 6−8 are the Canadian sites. The probability of choosing the Penobscot (Morey 1993, equation 4 with j = 1) is
where V j is the deterministic part of the conditional indirect utility function for alternative j,
(1/t) . s and t are the standard dissimilarity (logsum) parameters for a three-level nested-logit model. If t = s the model reduces to a two-level nest. The probability of not choosing the Penobscot either before or after it deteriorates is Pr(in A :
where V 0 j is V j evaluated at the initial conditions, including y 0 . And
where V 0 j (µ) is V j evaluated at its initial cost and characteristics levels but at expenditure level µ, and V 1 1 (µ) is V 1 (the conditional indirect utility function for the Penobscot) evaluated at its initial cost, lower catch rate, and expenditure level µ. The first two terms in Equation 46 are therefore easily calculated.
Turn now to the calculation of c C
For a deterioration to alternative 1
This is Equation 24 rewritten in terms of the Maine model. Calculation of c C therefore has two steps: differentiate the probability of choosing the Penobscot with respect to the level of expenditures on all alternatives except the Penobscot, and then integrate it multiplied by m over the finite interval y 0 to µ.
Differentiate P 1 (V 0 , V 1 , ..., V 8 ) with respect to the level of expenditures on all alternatives except alternative 1
Note that total expenditures are held constant at y 0 if alternative 1 is chosen.
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Substitute Equation 51 into Equation 50 and integrate it to get c C . We used the Romberg rule, but any simple numerical integration rule will work. The integration can be done in Maple or Mathematica. The integrands are very smooth, making it easy to quickly and efficiently calculate the integrals to any desired degree of accuracy. Consider now a more complicated scenario: increasing the Penoboscot catch rate by 10% while decreasing the catch rates at each of the other Maine site by 25%. This could happen if restoration resources are allocated more to the Penobscot, the most popular Maine Salmon river. The annual E[cv]s range from −$185. 47 to $339. 48 with a mean of −$1. 088 1 and a median of −$22. 377, more anglers are made worse off than are made better off by this scenario. 21 Our approach is exact is one calculates the derivatives of the choice probabilities analytically. In practice, one can approximate them numerically. In which case, one is approximating the expected expenditure formula and the derived E[cv] is no longer exact. A referee asked how this approximation would compare to cv r as an approximation to the exact E [cv] . As the magnitude of the policy on welfare increases, the advantage of using the E[cv] with numerical derivatives increases; it also increases as the accuracy of the numerical derivatives increases. Of course, analtyicaly derivatives are always preferred from a theoretical perspective. If analytical derivatives are used in parameter estimation, the code for their calculation is already available. Programs like Maple and Mathematica very accurately calculate complicated derivatives, often analytically. 22 The calculation code is on the web page. This model with income effects fufills all of the regularity conditions and explains participation and site choice significantly better than the model with no income effects. We were unable to use the exact three-level model reported in Morey et al (1993) , the estimated parameters in that model violate a global regularity condition.
Concluding remarks
In summary,
• A formula is derived to calculate the exact expected compensating variation in discrete-choice random-utility models with income effects. We refer to this formula as the expected expenditure formula. In any Generalized Extreme Value (GEV) model (for example, logit and nested-logit models), the formula involves solving only a finite one-dimensional integral with an analytical integrand.
• Two simple examples are presented: a price increase and a price increase combined with a price decrease, both in terms of a three-alternative logit model.
• The formula is then used to derive the E[cv] for changes in catch rates from a estimated nested-logit model of salmon fishing.
By definition of the expected value, it suffices to show that the unconditional distribution of the expenditure to restore utility is given by 1 − i P i (y) indicated in the theorem, that is, one want to show that P r(m ≥ y) = i P i (y), y ≤ µ ii (52)
As an intermediate result 24 , first consider an individual attaining utility u 0 before the change. Denote the indirect utility function ν i (y) = v(y−p j , X j , C)). Given the underlying probability space (Ω, F , P), for each ω ∈ Ω, u j (y, ω) = ν j (y) + j (ω) The conditional expenditure function µ j is defined by
By increasing monotonicity of ν j ,
Hence, for all u 0 , ω, y we have The events B i are mutually disjunct and exhaustive, so summing over these events results in the unconditional distribution. That is,
If we are interested in the mean of the expenditure needed to restore utility, we can take the expected value. Noting that the income level µ ii is required for individual that continue to choose the same alternative i, we arrive at the expected expenditure formula
given our assumptions of the underlying distribution f . The lower integral limit can be replaced by µ ≡ min k µ kk , by noting that P i (y) is independent of y, for all y < µ.
